We study the critical behavior of a frustrated Blume-Capel (BC) antiferromagnet on a triangular lattice by Monte Carlo simulations. For a reduced single-ion anisotropy strength −1.47 d < 0 we find two phase transitions. The low-temperature phase is characterized by the antiferromagnetic long-range ordering (LRO) on two sublattices with the third one remaining in a non-magnetic state. 
I. INTRODUCTION
It has been shown exactly that in the fully frustrated triangular lattice Ising antiferromagnet (TLIA) with spin 1/2 no long-range order can exist down to zero temperature 1 but the ground state is critical with the power-law decaying spin-correlation function 2 . However, the situation can change dramatically for larger spin values. The series of studies [3] [4] [5] [6] have argued that long-range order (LRO) can occur in the ground state if the spin is larger than some critical value. The corresponding spin structure is of the type (1, −1, 0), i.e., with two sublattices of opposite magnetizations and one sublattice of zero magnetization. The upper bound of this critical value was estimated by the use of Peierls' argument 3 as 62 and a more precise value was established by Monte Carlo simulations 4 as 11/2. Generally, the lack of order in frustrated spin systems is due to large ground-state degeneracy and the above studies have shown that such degeneracy can be considerably affected by the spin magnitude, which can lead to long-range ordering. Nevertheless, the large degeneracy can also be lifted by some other perturbations, resulting in long-range ordering even in the highly frustrated spin-1/2 system, such as an external magnetic field [7] [8] [9] [10] , selective dilution 11, 12 or inclusion of the exchange interactions with further neighbors [13] [14] [15] [16] [17] [18] .
It is well known that in the Ising models with spin larger than 1/2 a single-ion anisotropy is another parameter that may play a crucial role in their critical properties (see, e.g., 19, 20 ).
This so called Blume-Capel (BC) model has been intensively studied [21] [22] [23] [24] [25] [26] [27] [28] mostly on bipartite lattices, in which case the sign of the exchange interaction is irrelevant to their critical properties in the absence of an external field. The model has been confirmed to belong to the standard Ising universality class 29 . However, for an antiferromagnetic BC model on non-bipartite lattices we can expect qualitatively different behavior. A frustrated antiferromagnetic spin-1 BC model on a triangular lattice has been investigated by position-space renormalization group (PSRG) 30 and transfer matrix 31 methods, and has been found to display a finite-temperature antiferromagnetic (AF) LRO of the type (1, −1, 0) within a certain range of the single-ion anisotropy strength, accompanied with a multicritical behavior.
Nevertheless, the universality class of the identified second-order phase transition was not examined. On the other hand, it is known that a number of frustrated systems violate the ordinary universality hypothesis. For example, the spin-1/2 Ising antiferromagnet with the frustration arising from the competing nearest-neighbor (NN) and next-nearest-neighbor but also because no BKT phase was predicted to exist at finite temperatures in the spin-1 TLIA model 5, 6 .
II. MODEL AND SIMULATION DETAILS
We consider the model described by the Hamiltonian
where S i = ±1, 0 is an Ising spin on the ith lattice site, i, j denotes the sum over nearest neighbors, J < 0 is an antiferromagnetic exchange interaction parameter, and D is a singleion anisotropy parameter.
In order to study phase transitions in the present spin system we employ Monte Carlo For an antiferromagnet, as an order parameter it is useful to define the staggered magnetization per site as
where · · · denotes the thermal average. Further, the following quantities which are functions of H or/and M s are defined: the specific heat per site
the staggered susceptibility per site
the derivatives of the following functions of M s with respect to
and the Binder parameter (magnetic fourth-order cumulant)
The above quantities are useful for localization of the phase boundaries as well as for determination of the nature of the phase transition. For example, temperature-dependences of a variety of thermodynamic quantities display extrema at the L-dependent pseudo-transition temperatures k B T c (L)/|J|. Thus, for the second-order transition, the critical temperature can be estimated from the locations of the peaks of the response functions, such as c and χ s , for a given value of L. Then, the observed extrema are known to scale with a lattice size as, for example:
where γ and ν represent the critical exponents of the staggered susceptibility and correlation length, respectively. More precise locations of the extrema used in FSS can be obtained by reweighing techniques applied to the simulation results performed at the pseudo-critical
Furthermore, it is known that in the ground state the sublattice spin-correlation function of the TLIA model decays as a power law 2 :
where η is the critical exponent of the correlation function. The exponent η of the model with zero single-ion anisotropy has been shown to decrease with the spin value from η = 1/2 for spin-1/2 to zero for spin larger than 11/2, for which the AF LRO occurs 3,4 . Powerlaw decay of the spin-correlation function is a characteristic of the Berezinskii-KosterlitzThouless (BKT) phase 42 and the exponent η can be estimated by FSS of the order parameter m s , which scales as
Alternatively, it can also be obtained from the staggered susceptibility, which in the BKT phase where M s vanishes in the infinite lattice size limit is more appropriately defined
and which scales as
In order to distinguish between the second-order and the BKT transitions, one can employ a so called cumulant method 43, 44 , which is based on the behavior of the Binder parameter U using the formula
In the case of a second-order transition at the critical temperature T c the exponent ν is finite and the correlation length diverges as [(
On the other hand, in the case of a BKT transition ν → ∞, singularities are exponential and the correlation length diverges as
Then, if the BKT phase is expected between the long-range ordered (LRO) and the paramagnetic (P) phases, the following scaling relations apply:
where b = η/2, t = (T 1 − T )/T 1 , T < T 1 , and T 1 is the LRO-BKT transition temperature, and
where c = 2 − η, t = (T − T 2 )/T 2 , T > T 2 , and T 2 is the BKT-P transition temperature. Below d = −3/2 the energy becomes positive and therefore the non-magnetic state with all the spins taking zero value is the ground state. The above cases are summarized in Table I .
At finite temperatures the system is found to display qualitatively different behavior in different regions of the single-ion anisotropy strength. Due to the above arguments, we focus on the most interesting region of −3/2 < d < 0. In particular, the behaviors in a broad Apparently, the slope and therefore also the value of η varies with temperature. In Fig. 3 we plot the value of η, as well as the coefficient of determination R 2 as a measure of goodness of the linear fit, as functions of temperature using both Eqs. (12) and (14) . At low temperatures (17) and (18), respectively.
temperatures, k B T 1 /|J| and k B T 2 /|J|, respectively, we further employ scaling relations (17) and (18) . In particular, we use the values of η determined by FSS above and tune a common value of the parameter a and the transition temperatures k B T 1 /|J|, k B T 2 /|J| such a way that the log-log plots of Eqs. (17) and (18) (and other quantities) in the d-increasing and d-decreasing measurements, respectively, and outline the two-phase coexistence region characteristic for first-order transitions below d ≈ −1.47 (see Fig. 10 ). Based on the ground-state considerations, the true first-order phase 
X max /J is the temperature at which the quantity X displays a maximum and ν is the critical exponent estimated above (see Fig. 12(a) ), are in a good agreement with the recent high-accuracy MC study results 29 .
IV. CONCLUSIONS
We have studied the critical behavior of the BC antiferromagnet on a triangular lattice as well as the six-state clock model 43, 47 . All these models share the six-fold ground-state degeneracy, which we believe is behind the universal behavior at finite temperatures.
Further, it would be interesting to see how the phase diagram evolves if larger spin values are considered. Based on the earlier studies 4 , for S larger than some critical value S c in the ground state the LRO should set-in already at d = 0 with the BKT phase transitions still occurring at higher temperatures. On the other hand, the increasing spin number is believed to change the multicritical behavior in the large |d| limit of the BC model 49, 50 . Thus, our future intention is to extend the present investigations to the systems with larger spin values and focus on peculiarities arising from the presence of the geometrical frustration.
